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INTRODUCTION AND THE GENERAL CLASSIFICATION PROBLEM 

The quantum Hall (QH) effect 1 is observed in two-dimensional electronic systems 
(2DES's) subjected to a strong, uniform, transverse external magnetic field. Experi- 
mentally, such systems are realized as inversion layers that form at the interfaces 
of heterostructures (e.g., GaAs/Al x Gai_a;As) in the presence of an electric field (gate 
voltage) perpendicular to the structures. To develop an idea of the orders of magnitude 
involved in QH systems, we recall that sample sizes are typically of a few tenths of a 
mm times a few mm, whereas the charge carrier densities, n = n e i ec t r on — n^ ie, are of 
the order of 10 11 /cm 2 , and the magnetic fields, B c , range from about 0.1 T up to 30 T. 
Moreover, experiments are performed at very low temperatures, T, typically between 
10 mK and 100 mK. An important quantity characterizing QH systems is the filling 
factor v. denoting by $ Q = h/e = 4.14 • 10 -11 Tcm 2 the magnetic flux quantum and 
by B c ± the component of the magnetic field B c perpendicular to a 2DES, the filling 
factor is defined by v = nQ /B c ^. 

Two basic facts characterize the QH effect. First, the Hall (or transverse) re- 
sistance Rh, as a function of 1/v, exhibits plateaux at heights which are rational 
multiples of h/e 2 . Second, with the quantization of Rh, one observes a near vanishing 
of the longitudinal (or magneto-) resistance Rl- [Strictly speaking, this is true only 
if measurements are carried out in a stationary state and on large distance scales, 
that is, on scales larger than the phase-coherence length of the constituents of the 
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systems. For QH systems, the phase-coherence length is of the order of 100/im (a 
so-called "mesoscopic" length scale). For a general account of "quantum interference 
fluctuations" in disordered, mesoscopic systems, see Ref. 2; and, in particular, for some 
results in mesoscopic QH systems, see Ref. 3.] The near vanishing of Rl indicates the 
absence of dissipative processes in the corresponding QH systems which, in turn, is 
interpreted as the presence of an energy gap above the ground-state energy in these 
many-body systems (so-called incompressibility) . Incompressibility is a crucial input 
to our analysis and, in these notes, we use the term quantum Hall fluid to denote a 
QH system which exhibits incompressibility. Next we briefly review the main logical 
steps that lead to the general classification problem of QH fluids. 

Gauge Symmetry and u(l)-Current Algebra. For definiteness, let us con- 
sider a QH fluid which is confined to a domain Q of the (l,2)-plane, and let the 
external magnetic field, B c , be along the 3-axis, i.e., B c = (0,0, B c ). Furthermore, let 
us assume that the spins of the constituent electrons and/or holes are aligned with the 
strong field B c . [For an analysis of QH fluids including the spin degrees of freedom, 
see Refs. 4-6.] 

We denote by Z A (A) the partition function (at T = 0) of a 2DES confined to 
a space-time domain A = Q x R and coupled to an external electromagnetic field 
with associated potential 1-form A = ^L A fJj (x)dx fl , where = A tot ^ — A C41 with 
diA c2 — <92^4 c ,i = B c fixed. Exploiting the ?7(l)-gauge symmetry of non-relativistic 
Schrodinger quantum mechanics and the incompressibility (Rl = 0) of QH fluids, one 
can show 4 that, in the limit of large distance scales and low frequencies (scaling limit), 
the effective action of a QH fluid (i.e., the logarithm of Z A (A)) takes the universal 
asymptotic form 

= ~ J A AAdA + B.T.(A\ dk ) , (1) 

where or = Rj^ is the Hall conductivity of the fluid, A /\&A = J2 f ivp £ ^ up A fJ ,d u A p 
is the abelian Chern-Simons form, and B.T.(A\g A ) denotes a "boundary term" de- 
pending only on A\q A , the restriction of A to the boundary space-time dA. Since the 
Chern-Simons term in Eq. (JJ) exhibits a boundary £/(l)-gauge anomaly, the gauge 
invariance of the total effective action, S A (A), constrains the form of the boundary 
term B.T.(A\g A ). The cancellation of the gauge anomaly of the Chern-Simons term 
can be achieved 4 by introducing a set of Nl and a set of Nr chiral U(l) boundary 
currents whose coupling to the external electromagnetic field A\g A is given by N L / R 
electric charges which can be arranged in a "charge vector" Ql/r with Nl/r compo- 
nents. Physically, these left/right chiral boundary systems (CBS's) describe gapless, 
chiral electric currents of electrons/holes circulating at the edge of a QH sample. De- 
noting by Wl/r(Ql/r] A\q^) the effective action for these CBS's, the boundary term 
B.T.(A\ dA ) is given by 

B.T.(A\ dA ) = W L (Q L - A\ 9A ) - Wr(Q r - A\ dA ) + G.I.(A\ 9A ) , (2) 
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where G.I.(A\q\) stands for a possible gauge-invariant boundary term. Then gauge- 
anomaly cancellation implies that the Hall conductivity a H is given by 



oh 



(Ql,Ql)-(Qr,Qr)]j , (3) 



where (n,m) denotes the Euclidean scalar product of two vectors n and m. For 
details, see Refs. 4-6; and for related points of view on the role of edge currents in QH 
fluids, see the works in Ref. 7. 

Quantum Hall Lattices. The vectors Q L and Q R are not the only data en- 
coding the physics of an incompressible QH fluid in the scaling limit. Excitations 
above the ground state of the QH fluid are described by unitary representations of the 
■u(l)-current algebras. Among all possible unitary representations (~ H Nl / r ) only a 
subset, in fact, a lattice, will be realized in a QH fluid. Combining known properties 
of these representations 8 with the physical requirement that the spectrum of local 
excitations of CBS's be generated by excitations with the quantum numbers of elec- 
trons and holes (i.e., by excitations with electric charges ±e that obey Fermi statistics 
and are relatively local) one infers 5 ' 6 that the additional data needed to characterize 
the scaling limit of a QH fluid is a pair of odd, positive integral lattices T L and T R : 
Tl/r is generated by Nl/r vectors <f(i), . . . , q(N L/R ) describing distinct one-electron or 
one-hole excitations above the ground state. A general vector q in T^/r represents a 
multi-electron/hole excitation of the QH fluid. In such a basis, T L / R is fully specified 
by its integral Gram matrix Kl/r 

{K L / R )ij = (<f w , q {j) ) G Z , i,j = l,..., N L/R . (4) 

Fermi statistics of the elementary charge carriers implies the oddness of the lattice T L / R 
(i.e., in any basis of T L / R , at least one basis vector has an odd squared length). The 
vectors in T^/r do not necessarily label all physical excitations of the QH fluid. Indeed, 

any vector in the dual lattice (generated by the vectors = Y^i=( E '(^l^rY 1 
j = 1, . . . ,Nl/r) describes a (multi-)quasiparticle excitation which is relatively local 
to all electrons and holes in the system. However, in general, such an excitation has 
fractional electric charge and anyonic statistics. It is the N L / R - dimensional analogue 
of the celebrated Laughlin vortices. 9 

The vector Q L / R assigns an electric charge to every boundary excitation. Hence 
it is a linear functional on the lattice Tl/r, i.e., an element of the dual lattice T^^, 
and Q c \(q) = Ql/r' q is the electric charge, in units of e, of the excitation labelled 
by q. Thus ±1 = (?ei(<f(i)) = Q l /r • %) = (Ql/r)i, for every basis vector q (i) E T L/R . 
This means that Ql/r is what mathematicians call a visible vector in T^ R . This has 
an all important consequence: 

(Ql/RiQl/r) i- s a rational number. 
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Eq. then gives the rational quantization of the Hall conductivity an, in units of 
e 2 /h, as observed in QH fluids. 

A pair (r, Q) is called a quantum Hall lattice and represents the geometrical data 
characterizing a QH fluid. Classifying universality classes of QH fluids thus amounts 
to classifying pairs of QH lattices (T L , Q L ) and (T R , Q R ). 



CLASSIFICATION OF QUANTUM HALL LATTICES 

A lattice T which is the orthogonal direct sum of several sublattices is called decompos- 
able (otherwise indecomposable). QH fluids corresponding to decomposable or inde- 
composable QH lattices are called composite or elementary fluids, respectively. For 
a composite QH fluid consisting of two components, we have an = cr l H + a 2 H , where 
a H = (Q\ Q i )e 2 /h = <7- K- l Q lT e 2 /h, with ^ Q l eT* C T*, i = 1, 2 . In the fol- 
lowing, we focus our attention on indecomposable QH lattices. We note that QH fluids 
consisting of electrons (L) and holes (R) are composite and thus will not appear ex- 
plicitly in the subsequent classification. Moreover, since the discussions of the two 
chirality subsectors (L and R) are analogous, we may focus on, say, the left one. We 
now drop the index L from our notation. 

Writing on = (nH/dH)e 2 /h, with gcd(n#, du) = 1, Eq. (|3|) tells us that, for some 
positive integer /, called the level of the QH fluid, 

ld H = A = detK , and ln H = 7 = Q ■ KQ T , (5) 

where K is the cofactor (or adjoint) matrix of K, i.e., K^ 1 = A~ X K. Next we state 
two general classification results on quantum Hall lattices (for proofs, see Ref. 6). 

First, for a given Hall fraction cr# and two positive integers I and iV , one can 
prove that there are only finitely many inequivalent QH lattices (r, Q) with an = 
(Q,Q)e 2 /h = Q ■ K- l Q T e 2 /h, A = ld H , and dimT < N a . 

Second, one can show that the minimal, non-trivial fractional charge, e*, associ- 
ated with a QH lattice (r, Q) is given by 

g 

e* = min |Q el (n)e| = — — , (6) 

™6r*,Q cl (n)^0 ~* Xd H 

where A is some integer dividing the level /. In particular, if du is even, one can prove 
that the charge parameter A has to be a multiple of 2 and the level / a multiple of 4. 
Thus, for the observed QH fluids with anh/e 2 = |, (|), and |, a model-independent 
prediction is that e* is a fraction of e/4: e* = (2/A) e/4 ! 

Next we focus our attention on minimal QH lattices which are characterized by 
the property that their levels satisfy 1 = 1. There are several basic facts (for proofs, 
see Ref. 6) about the corresponding universality classes of minimal elementary QH 
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fluids which make these classes particularly attractive from a theoretical, as well as 
from a phenomenological, point of view: 

(Ml) For the fractions <jh = l/(2p + 1) e 2 /h, p = 1, 2, ... , one can easily show 
that the famous Laughlin fluids 9 do correspond to the unique minimal indecomposable 
QH lattices (T, Q) where: Y is one-dimensional, it is generated by a vector q^ with 
length squared (<f(i), <f(i)) = 2p + 1 = K u = K, the visible vector Q is given by 

Q = where = l/(2p + 1) q^ is generating the dual lattice T*, and ou h/e 2 = 
(Q,Q) = l/(2p+l). 

(M2) If / = 1 then dn = det K has to be odd. Experimentally, there is ample 
evidence for the "odd-denominator rule". 10 For one-layer (or one-component) systems, 
the only firmly established exception to this rule is a QH fluid with an = \e 2 /h. 11 
[For a discussion of even-denominator QH fluids, see Refs. 5 and 6.] Furthermore, the 
following relationship holds between the numerator uh of the Hall conductivity o~h 
and the dimension N = dim T of the indecomposable QH lattice: 

at -i if even } ,_. 

, JM has to be < , „ r , , „. > . (7) 

} odd, and N = n H (mod 4) J w 

(M3) For minimal QH fluids, one can prove a charge-statistics theorem: for such 
fluids, the (anyonic) statistical phases, 9(n) = (n,n) = n- K^n 7 , of (quasiparticle) 
excitations, labelled by n gT*, are completely determined by the single quantity of 
their (fractional) charges, Q e \(n) = (Q, n ) = Q-K~ 1 ri T . [In non-minimal QH flu- 
ids, there are anyons which have the same fractional charges but different statistical 
phases!] Experimentally, there is evidence 12 that the observed odd-denominator QH 
fluids exhibit "elementary" anyons with fractional charges given by e* = e/dn- Eq. (Q) 
then suggests that A = 1, which is a property automatically satisfied by minimal QH 
fluids where A = I — 1 ! 

Conway, Sloane, and Sloane 13 have compiled a classification of all positive integral 
quadratic forms K associated with an indecomposable (even or odd) lattice Y for a 
range of determinants given by 1 < A = det K < 25 and for lattice dimensions 
up to a limit ranging from 18 (for A = 1) to 7 (for A = 25). This classification 
involves over 100 odd lattices of odd determinant. When combined with a systematic 
study of visible vectors Q in the associated dual lattices T*, it yields, for a physically 
interesting range of Hall conductivities an, all possible minimal indecomposable QH 
lattices (T, Q) of dimension iV = dimT < N^{au), where the dimensions N*(o~h) 
depend on the limits in Ref. 13 and satisfy (0). We summarize our results in Table 1 
below, where the dimensions N*(o-h) are indicated in square brackets to the right of 
each fraction an, except for fractions with nn = 1 for which the Laughlin fluids are 
unique (see (Ml)). 

In Table 1, minimal indecomposable QH lattices (or, equivalently, universality 
classes of minimal elementary QH fluids) are specified in terms of explicit matrix and 
vector realizations of the pairs (K, Q). [For a general discussion of the geometry of 
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QH lattices making use of gluing theory, see Ref. 6.] The results are presented relative 
to lattice and dual lattice bases in T and T*, respectively, which make the symmetries 
of the corresponding QH fluids most manifest. 4-6 The general results of Refs. 13 and 
6 show that most QH lattices in the range of determinants and dimensions specified 
above have a Gram matrix of the form 





( 

O 


tl 

§1 


u \ 


K = 




C(X 1 ) 







fT T 





C(X 2 ) j 



which we abbreviate by writing {0\ tl,s Xi, t2,S2 X2} N , where C{X{) denotes the Cartan 
matrix of a simply-laced simple Lie algebra, Xj, with non-trivial center, i — 1,2. For 
i = 1,2, Xi is one of the following algebras: A n _ x = su(n), n = 2,3,... , D n = 
so(2n), n = 4, 5, . . . , E e , or E 7 . [ i? 8 -sublattices do not appear in elementary QH 
fluids! For the Cartan matrices we use the explicit forms given, e.g., in Ref. 14.] 
Furthermore, in (^), O stands either for an odd integer, O = 2p + 1, p — 1, 2, . . . , or 

for an odd, two-dimensional integral quadratic form with Gram matrix O = ( ^ ^ , 

abbreviated by a b c; N = rankK = dimT. The quantities t { and s { denote (rankXj)- 
dimensional integral vectors of the form t, = (0, . . . , 0, —1, 0, . . . , 0), where —1 stands 
in the tf 1 place indicated by * i,Si Xj, and similarly for s h i = 1,2. [The vectors s_i 
and s 2 are understood to be absent if dim O = 1.] Finally, if ti or Si = then tj or 
Si = 0- 

A particularly interesting subclass of minimal indecomposable QH lattices is 
formed by what we call maximally symmetric lattices. A maximally symmetric QH 
lattice has the property that the neutral sublattice £ of T (which lies in the orthog- 
onal complement of Q, i.e., Q e i(n) = Q ■ K~ 1 n T = 0, for n EE) is a direct sum of 
A n , D n , and .E^s-lattices, and nothing else. In particular, they have dimO = 1 and, 
relative to the dual bases chosen in (|8|), their visible vectors are always of the form 
Q = (1, 0, . . . , 0). One can show 4-6 that the corresponding maximally symmetric QH 
fluids exhibit Kac-Moody algebras at level 1 associated with the Lie algebras Xi and 
X 2 . 

In Table 1, we use round brackets (0\ tl,s Xi, t2,s X2) N to indicate maximally 
symmetric QH lattices, thereby distinguishing them from all other possible minimal 
indecomposable QH lattices (with < A^*(cr//)) for which we use square brackets 
[. . .] N . Moreover, for maximally symmetric QH lattices, we do not display the vectors 
Q explicitly. 

It seems natural to call maximally symmetric QH fluids "generalized Laughlin 
fluids' 1 because they can be constructed from Laughlin's l/(2p+ l)-fluids by "adding 
symmetries and iterating" . Let 
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C(X) 



J 



9' 

and Q = (lToT^TTo, 0, . . . , ) , (9) 

rankif' rankX 



similarly to (||). Then one easily proves the following relations for 
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if t = 
if t = 
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for t = 1, . . 
n — 1 or n . 
1 or 5 , 
6. 



1, 



(10) 



where cr^ = (7' / A')e 2 /h, with A' = deti^' and r y' = Q' • K'Q >T , and accordingly for 
the unprimed quantities; see also (^). 

We note that, for a given value of cr#, one can construct all maximally symmetric 
QH lattices, in arbitrary dimension, reproducing that value of cr#. In Table 1, all 
minimal, maximally symmetric QH lattices are given for the physically relevant range 
of Hall conductivities 1/7 < ajj h/e 2 = nn/dn < 3 with njj < 12 and dn < 17, and 
all QH lattices that can be constructed on the basis of the classification in Ref. 13 are 
displayed. For additional results, see Refs. 5 and 6. 

A step towards a comparison of our results with phenomenological data obtained 
in one-layer (or one-component) QH systems 10 is made, in Table 1, by indicating in 
bold type all experimentally observed fractions. Moreover, Hall fractions for which 
there is some evidence are typed in bold and enclosed in brackets. All other frac- 
tions (plain) have so far not been established experimentally in one-layer systems. A 
discussion of our results can naturally be organized by collecting QH lattices of the 
same " symmetry type" into " structural families" ; see Refs. 5 and 6. Moreover, in 
these references, detailed discussions of physical implications of our results above and 
of further complete investigations of some more general classes of QH lattices than the 
minimal ones are given, as well as comparisons with the standard Haldane-Halperin 15 
and Jain-Goldman 16 hierarchy schemes. Here we only mention that Table 1 com- 
prises the Laughlin l/(2p+ l)-fluids, the "basic" Jain fluids 17 (corresponding to the 
A-type fluids with an < \e 2 jh !), and the two two-dimensional hierarchy fluids with 
an = jje 2 /7i and ^e 2 /h. All other (universality classes of) QH fluids given in Table 1 
do not seem to have appeared previously in the literature. Evidence that some of these 
"new" QH fluids might actually have been observed in some experiments will appear 
in Refs. 5 and 6. 
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Table 1. Minimal indecomposable quantum Hall lattices with 1/7 < n H /dn = 
o H h/e 2 < 3. (. . .) N and Q = (1,0, ...,0): maximally symmetric lattices (complete 
list); [. . ] N and Q as indicated: non- maximally symmetric lattices (all with N < 
N*(a H )). 



[The LaTeX file for Table 1 is appended to the text and uses the 
config file A4 Landscape.] 
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